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1. Introduction
Let R be a root system of type Xl (X = A,B, . . . ,G), and Q, P be the
root lattice and the weight lattice, respectively, for a simple root system of R.
Let Q∨, P∨ be the coroot lattice and the coweight lattice of R, respectively.
Let W be the Weyl group associated to R, then the elliptic Weyl group and
the extended elliptic Weyl group of type X(1,1)l are realized by the semi-direct
productsW  (Q∨ ×Q∨) and W  (P∨ ×P∨), respectively, where X(1,1)l is one
type of the elliptic root systems introduced by K. Saito [1]. We note that in the
cases of E8, F4, G2, we have Q= P [6]. The elliptic Weyl groups associated to
all elliptic root systems have been described by the set of generators and relations
from the point of view of a generalization of the Coxeter groups, in terms of
the elliptic diagrams, by K. Saito and the author [2]. In this paper, in the cases
of X(1,1)l , we define the completed elliptic diagram obtained by adding some
vertices α∗i to the elliptic diagram to complete all pairs of αi , α∗i (0 i  l), and
describe the elliptic Weyl groups of type X(1,1)l , in terms of the completed elliptic
diagrams, then the relations of the generators can be written in more simple form.
I. Cherednik [3–5], has introduced and studied the double affine Hecke algebras
associated to the root systems Al,Bl, . . . ,G2. We rewrite the double affine Hecke
algebras from the point of view of the elliptic root systems, then which can be
seen as a deformation of the group algebra of the extended elliptic Weyl group
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W  (P∨ × P∨). H. van der Lek [7] defined the double affine Artin group as the
fundamental group π1(Y/Ŵ el), where Ŵ el is the central extension of the elliptic
Weyl group W el and Y/Ŵ el is considered as the regular orbit space for the simple
elliptic singularity. I. Bogdan [11] has shown that the double affine Hecke algebra
is a quotient of the double affine Artin group. We rewrite the double affine Artin
groups in terms of the completed elliptic diagrams, and call them the elliptic Artin
groups. (Intrinsically, we may call a central extension of “elliptic Artin group.”)
After that, we define the elliptic Hecke algebra of type X(1,1)l as a subalgebra of
the double affine Hecke algebra, and a quotient of the group algebra of the elliptic
Artin group (i.e., the quotient by the quadratic relations and the deformation of
the relation satisfied by the Coxeter element [1]). Then the elliptic Hecke algebra
can be seen as a deformation of the group algebra of the elliptic Weyl group
W  (Q∨ ×Q∨). We note that some parts of these procedures have been already
given by H. Yamada [10] in the 1-codimensional elliptic root systems. In the case
of A(1,1)l (l = 1,2), we give a representation of the elliptic Hecke algebra on the
elliptic diagram, similarly to the result in [9]. In the last section, as the main result
we shall describe the elliptic Artin groups and the elliptic Hecke algebras in terms
of the elliptic diagrams.
2. Elliptic Weyl groups
Let us recall the elliptic Weyl groups of the elliptic root systems of type
X
(1,1)
l [1,2]. Let R be a root system of type Al,Bl, . . . ,G2 with respect to
the inner product 〈 , 〉, normalized by 〈α,α〉 = 2 for the long roots α. Let
α1, . . . , αl be the simple roots and a1, . . . , al , ai := α∨i be the coroots, where
α∨ := 2α/〈α,α〉. The dual fundamental weights b1, . . . , bl are determined by the
conditions 〈bi, αj 〉 = δij . Let A=⊕li=1Zai ⊂ B =⊕li=1Zbi . (In the standard
notations, A=Q∨, B = P∨.) For a root α ∈ R, we define the reflection sα on B
by sα(λ) = λ − 〈α∨, λ〉α. Let Ra = R ⊕ Zδ1 be an affine root system with the
radical Zδ1. We add α0 := −θ + δ1 to the simple roots for the maximal root










The affine Weyl group Wa is generated by all sα˜ , α˜ ∈ Ra, which is the semi-
direct product W  A, where the finite Weyl group W is generated by all sα ,
α ∈ R. The extended affine Weyl group W˜a generated by W and B is isomorphic
to W  B, further we have the expression W˜a = Π  Wa, where Π = {πr ,
r ∈O}, πrsiπ−1r = sj (si := sαi ) if πr(αi)= αj , 0 j  l, the automorphism πr
induces a permutation of the Dynkin diagram of {α0, α1, . . . , αl}, and O is the set
of the indices of the image of α0 by the automorphism of the Dynkin diagram. Let
Rel =R⊕Zδ1 ⊕Zδ2 be an elliptic root system of type X(1,1)l with 2-dimensional
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radical Zδ1 ⊕ Zδ2. For αˆ := α + kδ1 + lδ2 ∈ Rel, we define the reflection sαˆ on










The elliptic Weyl group W el is generated by all sαˆ , αˆ ∈ Rel, and which is the
semi-direct product W el =W  (A×A). The extended elliptic Weyl group W˜ el
is generated by W and B × B, and which is isomorphic to W  (B × B). The
elliptic diagrams of X(1,1)l are as follows:
A
(1,1)



























































































l (l  3):
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Then the following result has been obtained in [2].
Proposition 2.1 (K. Saito and T. Takebayashi [2]). The elliptic Weyl groups of
X
(1,1)
l are described by a set of generators and relations in terms of the elliptic
diagrams as follows:
Generators: a for α ∈ {all vertices in the elliptic diagram}.
Relations:

α ⇒ a2 = 1; (0)

α β
 ⇒ ab= ba;
 
α β ⇒ aba = bab;
 
2α β ⇒ (ab)2 = (ba)2;
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 
















































































(abab∗cb∗)2 = 1 (t = 1,2,3); (I)
A
(1,1)
l (l  1) ⇒ a0a∗0a1a∗1 · · ·ala∗l = 1;
B
(1,1)
l (l  3) ⇒ (a0a1a2a∗2a3a∗3 · · ·al−1a∗l−1al)2 = 1;
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C
(1,1)
l (l  2) ⇒ a0a∗0a1a∗1 · · ·ala∗l = 1;
D
(1,1)
l (l  4) ⇒ (a0a1a2a∗2 · · ·al−2a∗l−2al−1al)2 = 1;
E
(1,1)
6 ⇒ (a0a1a2a3a∗3a4a5a6)3 = 1;
E
(1,1)
7 ⇒ (a0a1a2a3a4a∗4a5a6a7)4 = 1;
E
(1,1)
8 ⇒ (a0a1a2a3a4a5a∗5a6a7a8)6 = 1;
F
(1,1)
4 ⇒ (a0a1a2a∗2a3a4)3 = 1;
G
(1,1)
2 ⇒ (a0a1a∗1a2)2 = 1. (II)
Remark 2.2. If we consider only relations (0) and (I), then the corresponding
group is the hyperbolic extension (central extension) [2] of the elliptic Weyl
group. For all elliptic root systems, the similar descriptions have been given in [2].

























inductively, we add all vertices α∗i (0 i  l) and consider the completed elliptic
diagram consisting of all pairs of αi,α∗i (0 i  l). In what follows, we discuss
in the completed elliptic diagrams. Then we have the following proposition.
Proposition 2.3. The elliptic Weyl groups of X(1,1)l are described in terms of the
completed elliptic diagrams as follows:
Generators: a := sα , a∗ := sα∗ for α ∈ {α0, . . . , αl};
Relations:

α ⇒ a2 = 1; (2.0)

α β
 ⇒ ab= ba;
 
α β ⇒ aba = bab;
 
2α β ⇒ (ab)2 = (ba)2;
 
3α β ⇒ (ab)3 = (ba)3;




























































aa∗bb∗ = bb∗aa∗; (2.I)
A
(1,1)
l (l  1) ⇒ a0a∗0a1a∗1 · · ·ala∗l = 1;
B
(1,1)
l (l  3) ⇒ a0a∗0a1a∗1(a2a∗2 · · ·al−1a∗l−1)2ala∗l = 1,
(⇔ (a0a1a2a∗2a3a∗3 · · ·al−1a∗l−1al)2 = 1);
C
(1,1)
l (l  2) ⇒ a0a∗0a1a∗1 · · ·ala∗l = 1;
D
(1,1)
l (l  4) ⇒ a0a∗0a1a∗1 (a2a∗2 · · ·al−2a∗l−2)2al−1a∗l−1ala∗l = 1,
(⇔ (a0a1a2a∗2 · · ·al−2a∗l−2al−1al)2 = 1);
E
(1,1)
6 ⇒ a0a∗0a1a∗1(a2a∗2 )2(a3a∗3)3(a4a∗4)2a5a∗5(a6a∗6 )2 = 1,
(⇔ (a0a1a2a3a∗3a4a5a6)3 = 1);
E
(1,1)
7 ⇒ a0a∗0a1a∗1(a2a∗2 )2(a3a∗3)3(a4a∗4)4(a5a∗5)3(a6a∗6)2
× (a7a∗7)2 = 1, (⇔ (a0a1a2a3a4a∗4a5a6a7)4 = 1);
E
(1,1)
8 ⇒ a0a∗0(a1a∗1)2(a2a∗2)3(a3a∗3)4(a4a∗4 )5(a5a∗5 )6(a6a∗6)4(a7a∗7)2
× (a8a∗8)3 = 1, (⇔ (a0a1a2a3a4a5a∗5a6a7a8)6 = 1);
F
(1,1)
4 ⇒ a0a∗0(a1a∗1)2(a2a∗2 )3(a3a∗3 )2a4a∗4 = 1,
(⇔ (a0a1a2a∗2a3a4)3 = 1);
G
(1,1)
2 ⇒ a0a∗0 (a1a∗1)2a2a∗2 = 1, (⇔ (a0a1a∗1a2)2 = 1). (2.II)
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Proof. First, we show that from the relations in Proposition 2.1 we can get the


















b∗aa∗ = aa∗b, (2.1)
a∗bb∗a = bb∗aa∗, (2.2)


















b∗aa∗ = aa∗b, (3.1)
aa∗bb∗a = a∗aa∗bb∗, (3.2)
aa∗bb∗ = bb∗aa∗. (3.3)
Proof of (2.2):
b∗a=aa∗ba∗ (by ab∗a = a∗ba∗)
=aba∗ba∗b (by (a∗b)4 = 1)
=ba∗baa∗b (by (a∗bab)2 = 1)
=ba∗bb∗aa∗ (by ab∗a = a∗ba∗),
so we get (2.2).
Proof of (2.3):
a∗bb∗=baa∗ba (by (2.2))
=bababa∗b (by (a∗bab)2 = 1)
=abaa∗b (by (ab)4 = 1)
=abb∗aa∗ (by ab∗a = a∗ba∗),
so we get (2.3).
Proof of (3.2). From the relations (a∗bab)3 = 1 and (aba∗bab)2 = 1, we have
a∗baba∗ = aba∗ba, (4)
and substituting the relation ab∗a = a∗ba∗ to (4), we get (3.2).
Proof of (3.3):
aa∗bb∗=aa∗baa∗ba∗a (by ab∗a = a∗ba∗)
=abaa∗baa∗b (by (4))
=bababababa∗baa∗a (by (ab)6 = 1)
=babaa∗baba∗a (by (aba∗bab)2 = 1)
=baa∗baa∗a∗a (by (4))
=baa∗b
=bb∗aa∗ (by ab∗a = a∗ba∗).
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In the latter case and the cases of t = 1,2, they are easy, so we show the case
of t = 3 in the former case.
Proofs of (a∗bab)3 = 1, and (aba∗bab)2 = 1.
From (3.1) and (3.2) we have
aa∗ba = ba∗baa∗b, (5)
and from (3.1) and (3.3) we have
aa∗baa∗b = baa∗baa∗. (6)
We substitute (5) into (6), then we have ba∗baa∗ba∗b = a∗baa∗ba∗. By using
(a∗b)6 = 1, which is rewritten as a∗baba∗ = ba∗baba∗b, further by (5), we get
(a∗bab)3 = 1 and (aba∗bab)2 = 1. ✷
We note that in the sequel we use frequently the relations (2.I).
3. Double affine Hecke algebras
We recall the definition of the double affine Hecke algebras associated to the
root systems Al,Bl, . . . ,G2 under the notation of Section 2. Let Cq,t be the
field of rational functions in terms of independent variables q1/(2m), {t1/2j := t1/2αj ,
(0 j  l)}, where m= 2 for D2k and C2k+1, m= 1 for C2k and Bl; otherwise
m= |Π |.
Definition 3.1 [3–5]. The double affine Hecke algebra Hdou is generated over the








k for b˜= b+ kδ1, b=
l∑
i=1
libi ∈B, k ∈ 12m Z,
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and the group Π, where the following relations are imposed:
(0) (Tj − t1/2j )(Tj + t−1/2j )= 0, 0 j  l;
(i) TiTjTi · · · = TjTiTj · · ·, mij factors on each side (mij = 2,3,4,6 if αi and
αj are joined by 0,1,2,3 laces, respectively);
(ii) πrTiπ−1r = Tj if πr(αi)= αj ;
(iii) TiXbTi =XbX−1ai if 〈b,αi〉 = 1, 1 i  l;(iv) T0XbT0 =Xs0(b) if 〈b, θ〉 = −1;
(v) TiXb =XbTi if 〈b,αi〉 = 0 for 0 i  l;
(vi) πrXbπ−1r =Xπr(b), r ∈O∗ (O∗ := {r ∈O , r = 0}).




)= 0 (tα∗ = tα) (3.0)
for the elements Tα , T ∗α := Tα∗ for α ∈ {α0, α∗0 , . . . , αl, α∗l }. Using the rela-
tions (3.0) and (2.I), we can rewrite the double affine Hecke algebras as follows.
Proposition 3.2. The double affine Hecke algebras are described by a set of
generators and relations in terms of the completed elliptic diagrams as follows:
A
(1,1)
l (l  1):
Generators: Ti , T ∗i (0 i  l), X1, π (π := π1);
Relations: (3.0), (2.I), and
πTiπ
−1=Ti+1, πT ∗i π−1=T ∗i+1 (0 i l) (mod l+1),
πX1π
−1 = T1T ∗1 X1,
X1T
∗
0 = T0X1, X1T0T ∗0 = T0T ∗0 X1,
X1T1 = T ∗1 X1, X1T1T ∗1 = T1T ∗1 X1,





1 · · ·TlT ∗l = q−1.
B
(1,1)
l (l  3):
Generators: Ti , T ∗i (0 i  l), X1, π (π := π1);
Relations: (3.0), (2.I), π2 = 1, and
πT0π
−1 = T1, πT1π−1 = T0, πTiπ−1 = Ti (2 i  l),





0 = T0X1, X1T0T ∗0 = T0T ∗0 X1,
X1T1 = T ∗1 X1, X1T1T ∗1 = T1T ∗1 X1,
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2 · · ·Tl−1T ∗l−1)2TlT ∗l = q−1,
(⇔ (T0T1T2T ∗2 T3T ∗3 · · ·Tl−1T ∗l−1Tl)2 = q−1).
C
(1,1)
l (l  2):
Generators: Ti , T ∗i (0 i  l), Xl , π (π := πl);
Relations: (3.0), (2.I), π2 = 1, and
πTiπ





0 = T0Xl, XlT0T ∗0 = T0T ∗0 Xl,
XlTl = T ∗l Xl, XlTlT ∗l = TlT ∗l Xl,





1 · · ·TlT ∗l = q−1.
D
(1,1)
l (l  4) (l even):
Generators: Ti , T ∗i (0 i  l), X1, Xl , π1, πl;
Relations: (3.0), (2.I), π21 = 1, π2l = 1, π1πl = πlπ1, and
π1T0π
−1
1 = T1, π1T1π−11 = T0,
π1Tiπ
−1
1 = Ti (2 i  l − 2),
π1Tl−1π−11 = Tl, π1Tlπ−11 = Tl−1,
πlTiπ
−1
l = Tl−i (0 i  l), (6)






1 = (T1T ∗1 · · ·Tl−1T ∗l−1)−1X−21 Xlq1/2,
πlX1π
−1
l = (T1T ∗1 · · ·Tl−1T ∗l−1)−1X−11 q1/2,
πlXlπ
−1
l =X−1l ql/4, X1T ∗0 = T0X1,
T0T
∗
0 X1 =X1T0T ∗0 , X1T1 = T ∗1 X1,
T1T
∗
1 X1 =X1T1T ∗1 , XlTl = T ∗l Xl,
TlT
∗
l Xl =XlTlT ∗l , T0X−11 T0 = T1T ∗1 X1q−1,
TiX1 =X1Ti, T ∗i X1 =X1T ∗i (2 i  l),







2 · · ·Tl−2T ∗l−2)2Tl−1T ∗l−1TlT ∗l = q−1,
(⇔ (T0T1T2T ∗2 · · ·Tl−2T ∗l−2Tl−1Tl)2 = q−1).
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(l odd):
Generators: Ti , T ∗i (0 i  l), X1, Xl , πl;
Relations: (3.0), (2.I), π4l = 1, and
πlT0π
−1
l = Tl, πlT1π−1l = Tl−1,
πlTiπ
−1
l = Tl−i (2 i  l − 2),
πlTl−1π−1 = T0, πlTlπ−1l = T1, (7)
and the relations Ti → T ∗i in (7),
πlX1π
−1






0 = T0X1, T0T ∗0 X1 =X1T0T ∗0 ,
X1T1 = T ∗1 X1, T1T ∗1 X1 =X1T1T ∗1 ,
XlTl = T ∗l Xl, TlT ∗l Xl =XlTlT ∗l ,
T0X
−1
1 T0 = T1T ∗1 X1q−1,
TiX1 =X1Ti, T ∗i X1 =X1T ∗i (2 i  l),







2 · · ·Tl−2T ∗l−2)2Tl−1T ∗l−1TlT ∗l = q−1,
(⇔ (T0T1T2T ∗2 · · ·Tl−2T ∗l−2Tl−1Tl)2 = q−1).
Remark 3.3. X1 can be expressed by other elements as follows:
X1 = πlXlπ−1l Xlq−(l−2)/4.
E
(1,1)
6 : Generators: Ti , T
∗
i (0 i  6), X1, π (π := π1);
Relations: (3.0), (2.I), π3 = 1, and
πT0π
−1 = T1, πT1π−1 = T5,
πT5π
−1 = T0, πT6π−1 = T2,
πT2π
−1 = T4, πT4π−1 = T6, πT3π−1 = T3, (8)
the relations Ti → T ∗i in (8),
πX1π
−1 = (T1T ∗1 T2T ∗2 T3T ∗3 )2T4T ∗4 T6T ∗6 X1q2/3,
X1T
∗
0 = T0X1, T0T ∗0 X1 =X1T0T ∗0 ,
X1T1 = T ∗1 X1, T1T ∗1 X1 =X1T1T ∗1 ,




















(⇔ (T0T1T2T3T ∗3 T4T5T6)3 = q−1).
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E
(1,1)
7 : Generators: Ti , T ∗i (0 i  7), X1, π (π := π1);
Relations: (3.0), (2.I), π2 = 1, and
πT0π
−1 = T1, πT6π−1 = T2,
πT5π
−1 = T3, πT4π−1 = T4,
πT7π
−1 = T7, πT2π−1 = T6,
πT3π
−1 = T5, πT1π−1 = T0, (9)





0 = T0X1, T0T ∗0 X1 =X1T0T ∗0 ,
X1T1 = T ∗1 X1, T1T ∗1 X1 =X1T1T ∗1 ,
























(⇔ (T0T1T2T3T4T ∗4 T5T6T7)4 = q−1).
E
(1,1)
8 : Generators: Ti , T
∗
i (0 i  8);

























× (T8T ∗8 )3 = q−1, (⇔ (T0T1T2T3T4T5T ∗5 T6T7T8)6 = q−1).
F
(1,1)
4 : Generators: Ti , T
∗
i (0 i  4);















(⇔ (T0T1T2T ∗2 T3T4)3 = q−1).
G
(1,1)
2 : Generators: Ti , T
∗
i (0 i  2);








2 = q−1, (⇔ (T0T1T ∗1 T2)2 = q−1).
Proof. Case A(1,1)l (l  1).
R = {±(*i − *j )+ nδ1 +mδ2 (1 i < j  l + 1) (n,m ∈ Z)}.
α0 =−*1 + *l+1 + δ1, αi = *i − *i+1 (1 i  l),
ai = αi = *i − *i+1 (1 i  l), bi =
i∑
k=1
*k (1 i  l).
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From π(αi) = αi+1 (0  i  l) (mod l + 1), we set π(*i) = *i+1 (1  i  l),
π(*l+1)= *1 − δ1. We set Xi :=X*i (1 i  l + 1).
Generators: Ti (0 i  l), Xi (1 i  l + 1), π.
Relations: (3.0), (2.I) , XiXj =XjXi, and
TiXiTi =Xi+1 (1 i  l),
πTiπ
−1 = Ti+1 (0 i  l) (mod l + 1),
πXiπ
−1 =Xi+1 (1 i  l), πXl+1π−1 =X1q−1,
TiXiXi+1 =XiXi+1Ti (1 i  l, 1 j  l + 1, 1 i  l),
TiXj =XjTi (j = i, i + 1),
(T0Xi =XiT0 (2 i  l), T0X1Xl+1 =X1Xl+1T0, T0X−11 T0 =X−1l+1q−1, which
are obtained from other relations.)
We set T ∗i := T −1i X−α∨i (0 i  l), then
T ∗0 = T −10 X1X−1l+1q−1 =X−11 T0X1,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  l).




)= 0 (0 j  l), (A.1)
TiTj = TjTi (|i − j |> 1, (i, j) = (0, l), (l,0)), (A.2)
TiTi+1Ti = Ti+1TiTi+1 (0 i  l) (mod l + 1) (l  2), (A.3)
XiXj =XjXi (1 i, j  l + 1), (A.4)
TiXiTi =Xi+1 (1 i  l), (A.5)
TiXiXi+1 =XiXi+1Ti (1 i  l), (A.6)
TiXj =XjTi (1 i  l, 1 j  l + 1, j = i, i + 1), (A.7)
πTiπ
−1 = Ti+1 (0 i  l) (mod l + 1), (A.8)
πXiπ






)= 0 (0 j  l), (B.1)(
T ∗j − t1/2j
)(
T ∗j + t−1/2j
)= 0 (0 j  l), (B.2)
πTiπ
−1 = Ti+1 (0 i  l) (mod l + 1), (B.3)
πT ∗i π−1 = T ∗i+1 (0 i  l) (mod l + 1), (B.4)
πX1π
−1 = T1T ∗1 X1, (B.5)
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X1T
∗
0 = T0X1, X1T0T ∗0 = T0T ∗0 X1, (B.6)
X1T1 = T ∗1 X1, X1T1T ∗1 = T1T ∗1 X1, (B.7)
TiX1 =X1Ti, T ∗i X1 =X1T ∗i (2 i  l), (B.8)
T0T
∗
0 · · ·TlT ∗l = q−1, and for l  2, (B.9)
TiTj = TjTi, T ∗i Tj = TjT ∗i , T ∗i T ∗j = T ∗j T ∗i(|i − j |> 1, (i, j) = (0, l), (l,0)), (B.10)
T ∗i Ti+1T ∗i+1 = Ti+1T ∗i+1Ti (0 i  l) (mod l + 1), (B.11)
T ∗i+1TiT ∗i = TiT ∗i Ti+1 (0 i  l) (mod l + 1), (B.12)
TiTi+1Ti = Ti+1TiTi+1 (0 i  l) (mod l + 1), (B.13)
T ∗i+1TiT ∗i+1 = TiT ∗i+1Ti (0 i  l) (mod l + 1), (B.14)
T ∗i Ti+1T ∗i = Ti+1T ∗i Ti+1 (0 i  l) (mod l + 1), (B.15)





j = TjT ∗j TiT ∗i (0 i, j  l). (B.17)
For the proof, we show (A)⇔ (B). First, we show (A)⇒ (B).(
T ∗j − t1/2j
)(
T ∗j + t−1/2j
)= 0 (0 j  l). (B.2)
(Proof) From T ∗j =X−1j+1TjXj+1 (0 j  l), they are clear.
πT ∗i π−1 = T ∗i+1 (0 i  l) (mod l + 1). (B.4)
(Proof) (0 i  l − 1).
l.h.s.= πX−1i+1TiXi+1π−1 =X−1i+2Ti+1Xi+2 = T ∗i+1 = r.h.s.
(i = l) πT ∗l π−1 = T ∗0 .
T0T
∗
0 · · ·TlT ∗l = q−1. (B.9)
(Proof) l.h.s.=X1X−1l+1q−1 ·X−11 X2 ·X−12 X3 · · ·X−1l Xl+1 = q−1 = r.h.s.
T ∗i Tj = TjT ∗i
(|i − j |> 1, (i, j) = (0, l), (l,0)). (B.10)
(Proof) l.h.s.=X−1i+1TiXi+1Tj = TjX−1i+1TiXi+1 = TjT ∗i = r.h.s.
T ∗i Ti+1T ∗i+1 = Ti+1T ∗i+1Ti (0 i  l) (mod l + 1). (B.11)
(Proof) (0 i  l − 1).
l.h.s. = X−1i+1TiXi+1X−1i+1Xi+2 =X−1i+1TiXi+2 =X−1i+1Xi+2Ti
= Ti+1T ∗i+1Ti = r.h.s.
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(i = l) T ∗l T0T ∗0 = T0T ∗0 Tl.
l.h.s. = X−1l+1TlXl+1X1X−1l+1q−1 =X−1l+1TlX1q−1 =X−1l+1X1q−1Tl
= T0T ∗0 Tl = r.h.s.
T ∗i+1TiT ∗i = TiT ∗i Ti+1 (0 i  l) (mod l + 1). (B.12)
(Proof) (1 i  l − 1).
l.h.s. = X−1i+1TiXi+1X−1i+1Xi+2 =X−1i+1TiXi+2 =X−1i+1Xi+2Ti
= Ti+1T ∗i+1Ti = r.h.s.
(i = 0) T ∗1 T0T ∗0 = T0T ∗0 T1.
l.h.s. = X1T1X−11 X1X−1l+1q−1 =X1T1X−l+1q−1 =X1X−1l+1q−1T1
= T0T ∗0 T1 = r.h.s.
(i = l) T ∗0 TlT ∗l = TlT ∗l T0.
l.h.s. = X−11 T0X1X−1l Xl+1
= Xl+1X−1l T0 (by T0X1Xl+1 =X1Xl+1T0, T0Xl =XlT0)
= TlT ∗l T0 = r.h.s.
T ∗i+1TiT ∗i+1 = TiT ∗i+1Ti (0 i  l) (mod l + 1). (B.14)
(Proof)
l.h.s. = X−1i+2Ti+1Xi+2TiX−1i+2Ti+1Xi+2 =X−1i+2Ti+1TiTi+1Xi+2
= X−1i+2TiTi+1TiXi+2 = TiX−1i+2Ti+1Xi+2Ti = TiT ∗i+1Ti = r.h.s.
T ∗i Ti+1T ∗i = Ti+1T ∗i Ti+1 (0 i  l) (mod l + 1). (B.15)
(Proof) (0 i  l − 1).
l.h.s. = X−1i+1TiXi+1Ti+1X−1i+1TiXi+1 =X−1i+1TiT ∗i+1TiXi+1
= X−1i+1T ∗i+1TiT ∗i+1Xi+1 (by (B.14))
= X−1i+1Xi+1Ti+1X−1i+1TiXi+1Ti+1X−1i+1Xi+1
= Ti+1T ∗i Ti+1 = r.h.s.
(i = l) T ∗l T0T ∗l = T0T ∗l T0.
l.h.s. = XlTlX−1l T0XlTlX−1l =XlTlT0TlX−1l =XlT0TlT0X−1l
= T0XlTlX−1l T0 = T0T ∗l T0 = r.h.s.
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T ∗i T ∗i+1T ∗i = T ∗i+1T ∗i T ∗i+1 (0 i  l) (mod l + 1). (B.16)
(Proof)
l.h.s. = X−1i+2Ti+1Xi+2 ·X−1i+1TiXi+1 ·X−1i+2Ti+1Xi+2
= X−1i+2Ti+1X−1i+1TiXi+1Ti+1Xi+2 =X−1i+2Ti+1T ∗i Ti+1Xi+2





j = TjT ∗j TiT ∗i (0 i, j  l). (B.17)
(Proof) From T0T ∗0 = X1X−1l+1q−1, TiT ∗i = X−1i Xi+1 (1  i  l), and XiXj =
XjXi, they are obtained.
Other relations are easily proved.
Next, we show (B)⇒ (A).
XiXj =XjXi (1 i, j  l + 1). (A.4)
(Proof) For 2 i  l + 1, Xi = T1T ∗1 · · ·Ti−1T ∗i−1X1, and from (B.7) and (B.8),
we have X1TiT ∗i = TiT ∗i X1 (1 i  l), therefore we get (A.4).
TiXiTi =Xi+1 (1 i  l). (A.5)
(Proof) (2 i  l).
l.h.s. = TiT1T ∗1 · · ·Ti−1T ∗i−1X1Ti = TiT1T ∗1 · · ·Ti−1T ∗i−1TiX1
= TiT1T ∗1 · · ·T ∗i Ti−1T ∗i−1X1 (by (B.12))
= TiT ∗i T1T ∗1 · · ·Ti−1T ∗i−1X1 =Xi+1 = r.h.s.
(i = 1) T1X1T1 =X2.
l.h.s.= T1T ∗1 X1 =X2 = r.h.s. (by (B.7))
TiXiXi+1 =XiXi+1Ti (1 i  l). (A.6)
(Proof) (2 i  l).
l.h.s. = TiT1T ∗1 · · ·Ti−1T ∗i−1X1T1T ∗1 · · ·TiT ∗i X1
= (T1T ∗1 · · ·Ti−2T ∗i−2)2TiTi−1T ∗i−1Ti−1T ∗i−1TiT ∗i X21
= (T1T ∗1 · · ·Ti−2T ∗i−2)2TiTi−1T ∗i−1TiT ∗i Ti−1T ∗i−1X21
= (T1T ∗1 · · ·Ti−2T ∗i−2)2TiT ∗i Ti−1T ∗i−1Ti−1T ∗i−1TiX21 (by (B.12))
= XiXi+1Ti = r.h.s.
(l = 1) T1X1X2 =X1X2T1.
l.h.s. = T1X1T1T ∗1 X1 = T1T ∗1 X1T ∗1 X1 (by (B.7))
= T1T ∗1 X21T1 =X−11 X2X21T1 =X2X1T1 = r.h.s.
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TiXj =XjTi (1 i  l, 1 j  l + 1, j = i, i + 1). (A.7)
(Proof) When j < i, they are clear. When j  i + 2,
l.h.s. = TiT1T ∗1 · · ·Tj−1T ∗j−1X1
= T1T ∗1 · · ·Ti−2T ∗i−2TiTi−1T ∗i−1TiT ∗i Ti+1T ∗i+1 · · ·Tj−1T ∗j−1X1
= T1T ∗1 · · ·Ti−2T ∗i−2TiT ∗i Ti−1T ∗i−1Ti+1T ∗i+1Ti · · ·Tj−1T ∗j−1X1
= T1T ∗1 · · ·Ti−2T ∗i−2TiT ∗i Ti−1T ∗i−1Ti+1T ∗i+1 · · ·Tj−1T ∗j−1X1Ti
= XjTi = r.h.s.
(A.9) and (A.10) are easy, therefore we proved (B)⇒ (A), and (A)⇔ (B). ✷
Remark 3.4. The relation πl+1 = 1 is omitted, so the double affine Hecke
algebra of type A(1,1)l is considered as a deformation of the group algebra of the
extension by π of the extended elliptic Weyl group W  (P∨ × P∨).
Case B(1,1)l (l  3).
R = {±*i + nδ1 +mδ2 (1 i  l),
± *i ± *j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
.
α0 =−*1 − *2 + δ1, αi = *i − *i+1 (1 i  l − 1), αl = *l,




*k (1 i  l).
From π(α0) = α1, π(α1) = α0, π(αi) = αi (2  i  l), we have π(*1) =
−*1 + δ1, π(*i)= *i (2 i  l). We set Xi :=X*i (1 i  l).
Generators: Ti (0 i  l), Xi (1 i  l), π.
Relations: (3.0), (2.I), XiXj =XjXi , π2 = 1, and
πT0π
−1 = T1, πT1π−1 = T0,
πTiπ
−1 = Ti (2 i  l),
TiXiTi =Xi+1 (1 i  l − 1), TlXlTlXl = 1,
πX1π
−1 =X−11 q, πXiπ−1 =Xi (2 i  l),
TiXiXi+1 =XiXi+1Ti (1 i  l − 1),
TiXj =XjTi (j = i, i + 1),
(T0X
−1
1 T0 =X2q−1, which is obtained from other relations.)
We set T ∗i := T −1i X−α∨i (0 i  l), then
T ∗0 = T −10 X1X2q−1 =X−11 T0X1,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  l − 1),
T ∗l = T −1l X−2l =XlTlX−1l .
332 T. Takebayashi / Journal of Algebra 253 (2002) 314–349
Similarly to the case of A(1,1)l , it is proved.
Case C(1,1)l (l  2).
R = {±2*i + nδ1 +mδ2 (1 i  l),
± *i ± *j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
.
α0 =−2*1 + δ1, αi = *i − *i+1 (1 i  l − 1), αl = 2*l,




*k (1 i  l − 1), bl = *1 + · · · + *l.
From π(αi)= αl−i (0 i  l), we have π(*i)=−*l−i+1 + 12δ1 (1 i  l). We
set Xi :=X2*i (1 i  l − 1), Xl =X*1+···+*l .
Generators: Ti (0 i  l), Xi (1 i  l), π.
Relations: (3.0), (2.I), XiXj =XjXi , π2 = 1, and
πTiπ
−1 = Tl−i (0 i  l),
TiXiTi =Xi+1 (1 i  l − 2),
Tl−1Xl−1Tl−1 =X−11 X−12 · · ·X−1l−1X2l ,
TlXlTl =X1X2 · · ·Xl−1X−1l ,
TiXiXi+1 =XiXi+1Ti (1 i  l − 2),
TiXj =XjTi (1 i, j  l, j = i, i + 1),
Tl−1Xl =XlTl−1,
(T0Xi =XiT0 (2 i  l − 1), T0X−1l T0 =X1X−1l q−1, which are obtained from
other relations.)
πX1π
−1 =X1X2 · · ·Xl−1X−2l q,
πXiπ
−1 =X−1l+1−iq (2 i  l − 1),
πXlπ
−1 =X−1l ql/2.
We set T ∗i := T −1i X−α∨i (0 i  l), then
T ∗0 = T −10 X1q−1 =X−1l T0Xl,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  l − 2),
T ∗l−1 = T −1l−1X−11 · · ·X−1l−2X−2l−1X2l =Xl−1Tl−1X−1l−1,
T ∗l = T −1l X1 · · ·Xl−1X−2l =XlTlX−1l .
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Case D(1,1)l (l  4).
R = {±*i ± *j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)}.
α0 =−*1 − *2 + δ1, αi = *i − *i+1 (1 i  l − 1),
αl = *l−1 + *l, ai = αi = *i − *i+1 (1 i  l − 1),




*k (1 i  l − 1), bl = 12 (*1 + · · · + *l).
We set Xi :=X*i (1 i  l − 1), Xl :=X 12 (*1+···+*l).
Subcase (l even).
π1(α0)= α1, π1(α1)= α0, π1(αi)= αi (2 i  l − 2),
π1(αl−1)= αl, π1(αl)= αl−1,
πl(αi)= αl−i (0 i  l),
then
π1(*1)=−*1 + δ1, π1(*i)= *i (2 i  l − 1),
π1(*l)=−*l, πl(*i)=−*l+1−i + 12δ1 (1 i  l).
Generators: Ti (0 i  l), Xi (1 i  l), π1, πl.
Relations: (3.0), (2.I), XiXj =XjXi , π21 = 1, π2l = 1, π1πl = πlπ1, and
π1T0π
−1
1 = T1, π1T1π−11 = T0,
π1Tiπ
−1
1 = Ti (2 i  l − 2),
π1Tl−1π−11 = Tl, π1Tlπ−11 = Tl−1,
πlTiπ
−1
l = Tl−i (0 i  l),
π1X1π
−1
1 =X−11 q, π1Xiπ−11 =Xi (2 i  l − 1),
π1Xlπ
−1
1 =X2X3 · · ·Xl−1X−1l q1/2,
πlX1π
−1
l =X1X2 · · ·Xl−1X−2l q1/2,
πlXiπ
−1
l =X−1l+1−iq1/2 (2 i  l − 1), πlXlπ−1l =X−1l ql/4.
TiXiTi =Xi+1 (1 i  l − 2),
Tl−1Xl−1Tl−1 =X−11 · · ·X−1l−1X2l , TlXlTl =X1 · · ·Xl−2X−1l ,
TiXiXi+1 =XiXi+1Ti (1 i  l − 2),
TiXj =XjTi (1 i, j  l, j = i, i + 1),
Tl−1Xl =XlTl−1, (3.1)
334 T. Takebayashi / Journal of Algebra 253 (2002) 314–349
(T0Xi =XiT0 (3 i  l − 1), T0X−11 , T0 =X2q−1, T0X−1l T0 =X1X2X−1l q−1,
which are obtained from other relations.)
Subcase (l odd).
π(α0)= αl, π(α1)= αl−1, π(αi)= αl−i (2 i  l − 2),
π(αl−1)= α0, π(αl)= α1,
then
π(*i)=−*l+1−i + 12δ1 (1 i  l − 1), π(*l)= *1 − 12δ1.
Generators: Ti (0 i  l), Xi (1 i  l), π.
Relations: (3.0), (2.I), XiXj =XjXi , π4 = 1, (3.1), and
πT0π
−1=Tl, πT1π−1=Tl−1, πTiπ−1=Tl−i (2 i l−2),
πTl−1π−1=T0, πTlπ−1=T1, πX1π−1=X1 · · ·Xl−1X−2l q1/2,
πXiπ
−1 =X−1l+1−iq1/2, πXlπ−1 =X1X−1l q(l−2)/4.
We set T ∗i := T −1i X−α∨i (0 i  l), then
T ∗0 = T −10 X1X2q−1 =X−11 T0X1,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  l − 2),
T ∗l−1 = T −1l−1X−11 · · ·X−1l−2X−2l−1X2l =Xl−1Tl−1X−1l−1,
T ∗l = T −1l X1 · · ·Xl−2X−2l =XlTlX−1l .
In the next three types (E(1,1)6 , E
(1,1)
7 , and E
(1,1)
8 ), let
ωi := *i − 19
8∑
k=0




ωi = 0 and 〈ωi,ωj 〉 = −19 + δij for 0 i, j  8.
Case E(1,1)6 .
R = {±(ωi −ωj )+ nδ1 +mδ2 (1 i < j  6),
± (ω1 + · · · +ω6)+ nδ1 +mδ2,
± (ωi +ωj +ωk)+ nδ1 +mδ2 (1 i < j < k  6) (n,m ∈ Z)
}
.
α0 =−(ω1 + · · · +ω6)+ δ1, αi = ωi −ωi+1 (1 i  5),
α6 = ω4 +ω5 +ω6, ai = αi (1 i  6),
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b1 = 13 (ω1 + · · · +ω6)+ω1, b2 = 23 (ω1 + · · · +ω6)+ω1 +ω2,
b3 = (ω1 + · · · +ω6)+ω1 +ω2 +ω3,
b4 = 13 (ω1 + · · · +ω6)+ω1 + · · · +ω4,
b5 =− 13 (ω1 + · · · +ω6)+ω1 + · · · +ω5,
b6 = ω1 + · · · +ω6.
We set
X1 :=Xb1 =X 13 (ω1+···+ω6)+ω1, X2 :=Xb2−b1 =X 13 (ω1+···+ω6)+ω2,
X3 :=Xb3−b2 =X 13 (ω1+···+ω6)+ω3,
X4 :=Xb4−b3−b6 =X 13 (ω1+···+ω6)+ω4,
X5 :=Xb5−b4+b6 =X 13 (ω1+···+ω6)+ω5, X6 :=Xb6 =Xω1+···+ω6 .
From π(α0) = α1, π(α1) = α5, π(α5) = α0, π(α6) = α2, π(α2) = α4, π(α4) =
α6, π(α3)= α3, we have
π
( 1
3 (ω1 + · · · +ω6)+ωi
)= 13 (ω1 + · · · +ω6)−ω1 −ω7−i + 23δ1
(1 i  4),
π
( 1
3 (ω1 + · · · +ω6)+ω5
)=− 23 (ω1 + · · · +ω6)+ω2 + 23δ1,
π(ω1 + · · · +ω6)= ω2 −ω1 + δ1.
Generators: Ti (0 i  6), Xi (1 i  6), π.
Relations: (3.0), (2.I), XiXj =XjXi , π3 = 1, and
πT0π
−1 = T1, πT1π−1 = T5, πT5π−1 = T0, πT6π−1 = T2,
πT2π
−1 = T4, πT4π−1 = T6, πT3π−1 = T3,
πX1π
−1 =X2X3X4X5X−26 q2/3, πX2π−1 =X−11 X−15 X6q2/3,
πX3π
−1 =X−11 X−14 X6q2/3, πX4π−1 =X−11 X−13 X6q2/3,
πX5π
−1 =X2X−16 q2/3, πX6π−1 =X−11 X2q,
TiXiTi =Xi+1 (1 i  4),
T5X5T5 =X−11 · · ·X−15 X36, T6X6T6 =X1X2X3X−16 ,
TiXiXi+1 =XiXi+1Ti (1 i  4),
TiXj =XjTi (1 i  4, 1 j  6, j = i, i + 1),
T5Xi =XiT5 (i = 5),
T6Xi =XiT6 (1 i  3),
T6X4X
−1
6 =X4X−16 T6, T6X5X−16 =X5X−16 T6.
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Remark 3.5. 〈b1, θ〉 = 1, 〈b2−b1, θ〉 = 1, 〈b3−b2, θ〉 = 1, 〈b4−b3+b6, θ〉 = 1,










2 · · ·Xc66 T0 =Xc11 · · ·Xc66 X6q−1 if c1 + · · · + c5 + 2c6 =−1,
and which can be obtained from other relations.
Case E(1,1)7 .
R = {±(ωi −ωj )+ nδ1 +mδ2 (1 i < j  7),
± (ωi +ωj +ωk)+ nδ1 +mδ2 (1 i < j < k  7),
± (ω1 + · · · + ωˆi + · · · +ω7)+ nδ1 +mδ2 (1 i  7) (n,m ∈ Z)
}
.
α0 =−(ω1 + · · · +ω6)+ δ1, αi = ωi −ωi+1 (1 i  6),
α7 = ω5 +ω6 +ω7, ai = αi (1 i  7),
b1 = 12 (ω1 + · · · +ω7)+ω1, b2 = (ω1 + · · · +ω7)+ω1 +ω2,
b3 = 32 (ω1 + · · · +ω7)+ω1 +ω2 +ω3,
b4 = 2(ω1 + · · · +ω7)+ω1 + · · · +ω4,
b5 = (ω1 + · · · +ω7)+ω1 + · · · +ω5,
b6 = ω1 + · · · +ω6, b7 = 32 (ω1 + · · · +ω7).
We set
X1 :=Xb1 =X 12 (ω1+···+ω7)+ω1 , X2 :=Xb2−b1 =X 12 (ω1+···+ω7)+ω2,
X3 :=Xb3−b2 =X 12 (ω1+···+ω7)+ω3 , X4 :=Xb4−b3 =X 12 (ω1+···+ω7)+ω4,
X5 :=Xb5−b4+b7 =X 12 (ω1+···+ω7)+ω5,
X6 :=Xb6−b5+b7 =X 12 (ω1+···+ω7)+ω6, X7 :=Xb7 =X 32 (ω1+···+ω7).
From π(α0) = α1, π(α1) = α0, π(α2) = α6, π(α6) = α2, π(α3) = α5,
π(α5)= α3, π(α4)= α4, π(α7)= α7, we have
π
( 1
2 (ω1 + · · · +ω7)+ω1
)=− 12 (ω1 + · · · +ω7)−ω1 + 32δ1,
π
( 1
2 (ω1 + · · · +ω7)+ωi
)= 12 (ω1 + · · · +ω7)−ω1 −ω9−i + 12δ1
(2 i  6),
π
( 3
2 (ω1 + · · · +ω7)
)= 12 (ω1 + · · · +ω7)− 2ω1 + 32δ1.
Generators: Ti (0 i  7), Xi (1 i  7), π.
Relations: (3.0), (2.I), XiXj =XjXi , π2 = 1, and
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πT0π
−1 = T1, πT6π−1 = T2, πT5π−1 = T3, πT4π−1 = T4,
πT7π
−1 = T7, πT2π−1 = T6, πT3π−1 = T5, πT1π−1 = T0,
πX1π
−1 =X−11 q3/2, πX2π−1 =X2 · · ·X6X−27 q1/2,
πXiπ
−1 =X−11 X−19−iX7q1/2 (3 i  6), πX7π−1 =X−21 X7q3/2,
TiXiTi =Xi+1 (1 i  5), T6X6T6 =X−11 · · ·X−16 X37,
T7X7T7 =X1X2X3X4X−17 ,
TiXiXi+1 =XiXi+1Ti (1 i  5),
TiXj =XjTi (1 i  5, 1 j  7, j = i, i + 1),
T6Xi =XiT6 (i = 6),
T7Xi =XiT7 (1 i  4),
T7X5X
−1
7 =X5X−17 T7, T7X6X−17 =X6X−17 T7.
Remark 3.6. From 〈b1, θ〉=1, 〈b2−b1, θ〉=1, 〈b3−b2, θ〉=1, 〈b4−b3, θ〉=1,




1 · · ·Xc77 =Xc11 · · ·Xc77 T0 if c1 + · · · + c6 + 2c7 = 0,
T0X
c1
1 · · ·Xc77 T0 =Xc11 · · ·Xc77 X1 · · ·X6X−27 q−1
if c1 + · · · + c6 + 2c7 =−1,
and which can be obtained from other relations.
We set T ∗i := T −1i X−α∨i , then
T ∗0 = T −10 X1 · · ·X6X−27 q−1 =X−11 T0X1,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  5),
T ∗6 = T −16 X−11 · · ·X−15 X−26 X37 =X6T6X−16 ,
T ∗7 = T −17 X1X2X3X4X−27 =X7T7X−17 .
Case E(1,1)8 .
R = {±(ωi −ωj )+ nδ1 +mδ2 (0 i < j  8),
± (ωi +ωj +ωk)+ nδ1 +mδ2 (0 i < j < k  8) (n,m ∈ Z)
}
.
α0 = ω0 −ω1 + δ1, αi = ωi −ωi+1 (1 i  7),
α8 = ω6 +ω7 +ω8, ai = αi (1 i  8),
b1 = (ω1 + · · · +ω8)+ω1 =−ω0 +ω1, b2 =−2ω0 +ω1 +ω2,
b3 =−3ω0 +ω1 +ω2 +ω3, b4 =−4ω0 +ω1 + · · · +ω4,
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b5 =−5ω0 +ω1 + · · · +ω5, b6 =−3ω0 +ω1 + · · · +ω6,
b7 =−ω0 +ω1 + · · · +ω7, b8 =−3ω0.
We set
X1 :=Xb1 =X−ω0+ω1 , X2 :=Xb2−b1 =X−ω0+ω2 ,
X3 :=Xb3−b2 =X−ω0+ω3, X4 :=Xb4−b3 =X−ω0+ω4 ,
X5 :=Xb5−b4 =X−ω0+ω5, X6 :=Xb6−b5+b8 =X−ω0+ω6 ,
X7 :=Xb7−b6+b8 =X−ω0+ω7, X8 :=Xb8 =X−3ω0 .
Generators: Ti (0 i  8), Xi (1 i  8).
Relations: (3.0), (2.I), XiXj =XjXi, and
TiXiTi =Xi+1 (1 i  6),
T7X7T7 =X−11 · · ·X−17 X38, T8X8T8 =X1 · · ·X5X−18 ,
TiXiXi+1 =XiXi+1Ti (1 i  6),
TiXj =XjTi (1 i  6, 1 j  8, j = i, i + 1),
T7Xi =XiT7 (i = 7),
T8Xi =XiT8 (1 i  5),
T8X6X
−1
8 =X6X−18 T8, T8X7X−18 =X7X−18 T8,
T0X
c1
1 · · ·Xc88 =Xc11 · · ·Xc88 T0 if
2c1 + c2 + · · · + c5 + 2c6 + 2c7 + 4c8 = 0,
T0X
c1
1 · · ·Xc88 T0 =X1Xc11 · · ·Xc88 q−1 if
2c1 + c2 + · · · + c5 + 2c6 + 2c7 + 4c8 =−1.
(〈b1, θ〉 = 2, 〈b2−b1, θ〉 = 1, 〈b3−b2, θ〉 = 1, 〈b4−b3, θ〉 = 1, 〈b5−b4, θ〉 = 1,
〈b6 + b8 − b5, θ〉 = 2, 〈b7 + b8 − b6, θ〉 = 2, 〈b8, θ〉 = 4.)
We set T ∗i := T −1i X−α∨i , then
T ∗0 = T −10 X1q−1 =X−12 T0X2,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  6),
T ∗7 := T −17 X−11 · · ·X−16 X−27 X38 =X7T7X−17 ,
T ∗8 = T −18 X1 · · ·X5X−28 =X8T8X−18 .
Case F (1,1)4 .
R = {±*i +nδ1+mδ2 (1 i4), ±*i ± *j +nδ1+mδ2 (1 i <j 4),
1
2 (±*1 ± *2 ± *3 ± *4)+ nδ1 +mδ2 (n,m ∈ Z)
}
.
α0 = *1 − *2 + δ1, α1 = *2 − *3, α2 = *3 − *4,
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α3 = 12 (−*1 − *2 − *3 + *4), α4 = 12 (*1 + *2 + *3 + *4),
a1 = α1 = *2 − *3, a2 = α2 = *3 − *4,
a3 = 2α3 =−*1 − *2 − *3 + *4, a4 = 2α4 = *1 + *2 + *3 + *4,
b1 =−*1 + *2, b2 =−2*1 + *2 + *3, b3 =−3*1 + *2 + *3 + *4,
b4 =−*1 + *2 + *3 + *4.
We set
X1 :=Xb1 =X−*1+*2, X2 :=Xb2−b1 =X−*1+*3,
X3 :=Xb3−b2 =X−*1+*4, X4 :=Xb4−b3+b2 =X*2+*3 .
Generators: Ti (0 i  4), Xi (1 i  4).
Relations: (3.0), (2.I), XiXj =XjXi, and
TiXiTi =Xi+1 (1 i  3), T4X4T4 =X1X2X−13 X−14 ,
T1X1X2 =X1X2T1, T1X3 =X3T1, T1X4 =X4T1,
T2X1 =X1T2, T2X2X3 =X2X3T2, T2X4X−12 =X4X−12 T2,
T3X1 =X1T3, T3X2 =X2T3, T3X3X4 =X3X4T3,
T4X1 =X1T4, T4X2 =X2T4, T4X3 =X3T4,
T0X
c1
1 · · ·Xc44 =Xc11 · · ·Xc44 T0 if 2c1 + c2 + c3 + c4 = 0,
T0X
c1
1 · · ·Xc44 T0 =X1Xc11 · · ·Xc44 q−1 if 2c1 + c2 + c3 + c4 =−1.
(〈b1, θ〉 = 2, 〈b2 − b1, θ〉 = 1, 〈b3 − b2, θ〉 = 1, 〈b4 − b3 + b2, θ〉 = 1.)
We set
T ∗0 = T −10 X1q−1 =X−12 T0X2,
T ∗i = T −1i X−1i Xi+1 =XiTiX−1i (1 i  3),
T ∗4 = T −14 X1X2X−13 X−24 =X4T4X−14 .
Case G(1,1)2 . Let




φi = 0, 〈φi,φj 〉 = −13 + δij (1 i, j  3).
R = {±φi + nδ1 +mδ2 (1 i  3),
± (φi − φj )+ nδ1 +mδ2 (1 i < j  3) (n,m ∈ Z)
}
.
α0 =−φ1 + φ3 + δ1, α1 = φ1 − φ2, α2 = φ2,
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a1 = α1 = φ1 − φ2, a2 = 3α2 = 3φ2,
b1 = 2φ1 + φ2, b2 = 3φ1 + 3φ2.
We set X1 :=Xb1 =X2φ1+φ2 , X2 :=Xb2−b1 =Xφ1+2φ2 .
Generators: Ti (0 i  2), Xi (i = 1,2).
Relations: (3.0), (2.I), X1X2 =X2X1, and
T1X1T1 =X2, T2X2T2 =X1X−12 , T2X1 =X1T2,
T0X1X
−2





2 = Xc11 Xc22 T0 if 2c1 + c2 = 0, T0Xc11 Xc22 T0 = X1Xc11 Xc22 q−1 if 2c1 +
c2 = −1, 〈b1, θ〉 = 2, 〈b2 − b1, θ〉 = 1, which are obtained from the above
relations.)
We set
T ∗0 = T −10 X1q−1 =X−12 T0X2, T ∗1 = T −11 X−11 X2 =X1T1X−11 ,
T ∗2 = T −12 X1X−22 =X−12 T2X−12 . ✷✷
4. Elliptic Artin groups
Let us recall double affine Artin groups due to H. van der Lek [7] (also
see [10,11]). Let Ra be an affine root system and Q(Ra) be its root lattice. Let
VC :=Q(Ra)⊗C, and W(Ra) be the affine Weyl group. The semi-direct product
Ŵ :=W(Ra)Q(Ra) acts on VC. The double affine Artin group is defined by the
fundamental group π1(Y/Ŵ ), where Y := VC − {reflection hyperplanes of W˜ }.
We note that Ŵ is isomorphic to the central extension of the elliptic Weyl group
Ŵ el and the regular orbit space Y/Ŵ is homeomorphic to the complement of
the discriminant in the semi-universal deformation of simple elliptic singularity
(see [8]).
Proposition 4.1 (H. van der Lek [7]). The double affine Artin groups are described
in terms of the affine Dynkin diagrams as follows:




 ⇒ atb = tba, bta = tab,
tatb = tbta, ab= ba;
 ∞α β ⇒




atba = tatb, btab = tbta,
tatb = tbta, aba = bab;
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 
2α β ⇒
atatb = tatba, btab= tbta,
tatb = tbta, (ab)2 = (ba)2;
 
3α β ⇒
atbtaa = t2a tb, btab = tbta,
tatb = tbta, (ab)3 = (ba)3.
Setting a∗ := a−1ta , b∗ := b−1tb, we can rewrite the relations in Proposi-
tion 4.1 in terms of the completed elliptic diagrams as in the following propo-
sition, and then we call them elliptic Artin groups. (More precisely, we should
call a central extension of “elliptic Artin group.”)
Proposition 4.2. The elliptic Artin groups are described by the set of generators
a, a∗ for α ∈ {α0, . . . , αl} and the relations (2.I).


















































we denote the relations obtained from Propositions 4.1 and 4.3, by (0)A, . . . ,
(III)A, and (0)B, . . . , (III)B, respectively. Then
(0)A
{
baa∗ = aa∗b, abb∗ = bb∗a,
aa∗bb∗ = bb∗aa∗, ab= ba,
(I)A
{
aa∗b = b∗aa∗, bb∗a = a∗bb∗,
aa∗bb∗ = bb∗aa∗, aba = bab,
(II)A
{
aa∗bb∗ = a∗bb∗a, aa∗b= b∗aa∗,
aa∗bb∗ = bb∗aa∗, (ab)2 = (ba)2,
(III)A
{
aa∗bb∗a = a∗aa∗bb∗, aa∗b= b∗aa∗,
aa∗bb∗ = bb∗aa∗, (ab)3 = (ba)3,
(0)B
{




aa∗b = b∗aa∗, bb∗a = a∗bb∗,
aa∗bb∗ = bb∗aa∗, aba = bab,

ba∗b= a∗ba∗, (1)
ab∗a = b∗ab∗, (2)
a∗b∗a∗ = b∗a∗b∗, (3)




aa∗bb∗ = a∗bb∗a, aa∗b = b∗aa∗,
aa∗bb∗ = bb∗aa∗, (ab)2 = (ba)2,

(ab∗)2 = (b∗a)2, (1)
(ba∗)2 = (a∗b)2, (2)




aa∗bb∗a = a∗aa∗bb∗, aa∗b= b∗aa∗,
aa∗bb∗ = bb∗aa∗, (ab)3 = (ba)3,

(a∗b)3 = (ba∗)3, (1)
(b∗a)3 = (ab∗)3, (2)
(a∗b∗)3 = (b∗a∗)3. (3)
For the proof, we must show (A)⇔ (B) in each case. In the case (0), it is easy,
so we show that in the case of (I), (II), and (III), we can obtain the relations (1),
(2), (3) in (B) from (A).
Case (I). For the proof, we use the following relations:
aa∗bb∗ = bb∗aa∗ = abb∗a = baa∗b = a∗bb∗a∗ = b∗aa∗b∗. (4)
From (4), bb∗aa∗ = baa∗b, and then
a · bb∗aa∗ = a · baa∗b,
baa∗ba∗ = baba∗b (by abb∗a = baa∗b, aba = bab);
so we get (1), and (2) is similar.
From (4), a∗bb∗a∗ = b∗aa∗b∗, then
a · a∗bb∗a∗ = a · b∗aa∗b∗,
b∗aa∗b∗a∗ = b∗ab∗a∗b∗ (by aa∗bb∗ = b∗aa∗b∗, ab∗a = b∗ab∗);
so we get (3).
Case (II). For the proof, we use the following relations:
aa∗bb∗ = bb∗aa∗ = baa∗b = b∗aa∗b∗ = a∗bb∗a. (5)
From (4), a∗bb∗a = baa∗b, then
a · a∗bb∗a · b∗ab∗ = a · baa∗b · b∗ab∗,
baa∗bab∗ab∗ = ababb∗aa∗b∗ (by aa∗bb∗ = baa∗b, a∗bb∗a = bb∗aa∗)
= babaa∗bb∗a (by (ab)2 = (ba)2, b∗aa∗b= a∗bb∗a)
= baa∗bb∗ab∗a (by baa∗b = a∗bb∗a);
so we get (1).
From (5), bb∗aa∗ = baa∗b, then
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baa∗ · bb∗aa∗ = baa∗ · baa∗b,
babaa∗ba∗ = bb∗aa∗aa∗b (by a∗bb∗a = baa∗b, aa∗b = b∗aa∗),
ababa∗ba∗ = aa∗bb∗aa∗b (by bb∗aa∗ = aa∗bb∗)
= abaa∗ba∗b (by a∗bb∗a = baa∗b);
so we get (2).
We multiply the relation b∗aa∗ = aa∗b by bb∗aa∗, then
b∗aa∗ · bb∗aa∗ = aa∗b · bb∗aa∗,
b∗ab∗aa∗b∗a∗
= aa∗bb∗aa∗b∗ (by a∗bb∗a = b∗aa∗b∗, bb∗aa∗ = b∗aa∗b∗),
ab∗ab∗a∗b∗a∗
= ab∗aa∗b∗a∗b∗ (by (b∗a)2 = (ab∗)2, a∗bb∗a = b∗aa∗b∗);
so we get (3).
Case (III). From (A), we have
a∗baa∗b= baa∗ba, (6)
baa∗baa∗ = aa∗baa∗b= abaa∗ba, (7)
and from these we have a∗baa∗ba∗ = aa∗baa∗b; then
a−1b−1a∗baa∗ba∗ba∗ = b−1a∗baa∗ba∗b
(by a∗ba = a−1b−1a∗baa∗b, aa∗ba = b−1a∗baa∗b),
a−1b−1a−1b−1a∗baa∗ba∗ba∗ba∗
= b−1a−1b−1a∗baa∗ba∗ba∗b (by a∗ba = a−1b−1a∗baa∗b),
a∗baa∗(ba∗)3 = a−1b−1abaa∗ba(a∗b)3 (by (ab)3 = (ba)3)
= a∗baa∗(a∗b)3 (by a−1b−1abaa∗ba = a∗baa∗),
so we get (1).
From (A), we have
aa∗bb∗ = baa∗b = b∗aa∗b∗, (8)
aa∗bb∗a = b∗aa∗b∗a = a∗bb∗aa∗ = a∗b∗aa∗b∗. (9)
We multiply the relation (a∗b)3 = (ba∗)3 by b∗aa∗b∗, then
a∗ba∗ba∗b · b∗aa∗b∗ = ba∗ba∗ba∗ · b∗aa∗b∗,
a∗ba∗bb∗aa∗b∗ab∗ = ba∗ba∗bb∗aa∗b∗a
(by a∗bb∗aa∗ = a∗bb∗aa∗, a∗b∗aa∗b∗ = a∗bb∗aa∗),
a∗bb∗aa∗b∗ab∗ab∗ = ba∗baa∗bb∗ab∗a
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(by a∗bb∗aa∗ = b∗aa∗b∗a, a∗bb∗aa∗ = aa∗bb∗a),
aa∗bb∗ab∗ab∗ab∗ = ba∗b∗aa∗b∗b∗ab∗a (by baa∗b = b∗aa∗b∗)
= baa∗bb∗ab∗ab∗a (by a∗b∗aa∗b∗ = aa∗bb∗a)
= aa∗bb∗(b∗a)3 (by baa∗b= aa∗bb∗),
so we get (2).
We multiply the relation (b∗a)3 = (ab∗)3 by a∗b∗aa∗b∗a∗, then
b∗ab∗ab∗a · a∗b∗aa∗b∗a∗ = ab∗ab∗ab∗ · a∗b∗aa∗b∗a∗,
b∗ab∗aa∗b∗aa∗b∗a∗b∗a∗ = ab∗ab∗ab∗aa∗bb∗aa∗
(by b∗aa∗b∗a = a∗b∗aa∗b∗, a∗b∗aa∗b∗ = aa∗bb∗a),
b∗aa∗b∗aa∗b∗a∗b∗a∗b∗a∗ = ab∗ab∗ab∗aa∗b∗aa∗b∗
(by b∗aa∗b∗a = a∗b∗aa∗b∗, a∗bb∗aa∗ = a∗b∗aa∗b∗)
aa∗bb∗aa∗b∗a∗b∗a∗b∗a∗
= ab∗ab∗aa∗b∗aa∗b∗a∗b∗ (by b∗aa∗b∗a = aa∗bb∗a)
= ab∗aa∗b∗aa∗b∗a∗b∗a∗b∗ (by b∗aa∗b∗a = a∗b∗aa∗b∗)
= aa∗bb∗aa∗(a∗b∗)3 (by b∗aa∗b∗a = a∗bb∗aa∗),
so we get (3). ✷
5. Elliptic Hecke algebras
Now we define elliptic Hecke algebras of X(1,1)l (X =A, . . . ,G) as follows.
Definition 5.1. The elliptic Hecke algebras Hell of X(1,1)l are generated over the
field Cq,t by the elements {Tj , T ∗j , (0 j  l)} satisfying the relations (3.0), (2.I)
and the following relations:
A
(1,1)
l (l  1) ⇒ T0T ∗0 T1T ∗1 · · ·TlT ∗l = q−1,
B
(1,1)
l (l  3) ⇒ T0T ∗0 T1T ∗1 (T2T ∗2 · · ·Tl−1T ∗l−1)2TlT ∗l = q−1
(⇔ (T0T1T2T ∗2 T3T ∗3 · · ·Tl−1T ∗l−1Tl)2 = q−1),
C
(1,1)
l (l  2) ⇒ T0T ∗0 T1T ∗1 · · ·TlT ∗l = q−1,
D
(1,1)
l (l  4) ⇒ T0T ∗0 T1T ∗1 (T2T ∗2 · · ·Tl−2T ∗l−2)2Tl−1T ∗l−1TlT ∗l =q−1
(⇔ (T0T1T2T ∗2 · · ·Tl−2T ∗l−2Tl−1Tl)2 = q−1),
E
(1,1)
6 ⇒ T0T ∗0 T1T ∗1 (T2T ∗2 )2(T3T ∗3 )3(T4T ∗4 )2T5T ∗5 (T6T ∗6 )2 = q−1
(⇔ (T0T1T2T3T ∗3 T4T5T6)3 = q−1),
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E
(1,1)
7 ⇒ T0T ∗0 T1T ∗1 (T2T ∗2 )2(T3T ∗3 )3(T4T ∗4 )4(T5T ∗5 )3(T6T ∗6 )2
× (T7T ∗7 )2 = q−1 (⇔ (T0T1T2T3T4T ∗4 T5T6T7)4 = q−1),
E
(1,1)
8 ⇒ T0T ∗0 (T1T ∗1 )2(T2T ∗2 )3(T3T ∗3 )2T4T ∗4 = q−1
(⇔ (T0T1T2T3T4T5T ∗5 T6T7T8)6 = q−1),
F
(1,1)
4 ⇒ T0T ∗0 (T1T ∗1 )2(T2T ∗2 )3(T3T ∗3 )2T4T ∗4 = q−1
(⇔ (T0T1T2T ∗2 T3T4)3 = q−1),
G
(1,1)
2 ⇒ T0T ∗0 (T1T ∗1 )2T2T ∗2 = q−1
(⇔ (T0T1T ∗1 T2)2 = q−1). (5.II)
We denote the algebra with only the relations (3.0) and (2.I) by H˜ell, then we
have the following proposition.
Proposition 5.2. The left-hand side of the relation in (5.II) belongs to the center
of H˜ell.





1 = T ∗0 T1T ∗1 T0 = T1T ∗1 T0T ∗0 = T ∗1 T0T ∗0 T1,
and when l  2, from the relations
Ti · Ti−1T ∗i−1TiT ∗i Ti+1T ∗i+1
= TiT ∗i Ti−1T ∗i−1T ∗i Ti+1T ∗i+1 (by Ti−1T ∗i−1Ti = T ∗i Ti−1T ∗i−1)
= TiT ∗i Ti−1T ∗i−1Ti+1T ∗i+1Ti (by T ∗i Ti+1T ∗i+1 = Ti+1T ∗i+1Ti)
= Ti−1T ∗i−1TiT ∗i Ti+1T ∗i+1 · Ti (by TiT ∗i Ti−1T ∗i−1 = Ti−1T ∗i−1TiT ∗i ),
and
T ∗i · Ti−1T ∗i−1TiT ∗i Ti+1T ∗i+1 = T ∗i Ti−1T ∗i−1Ti+1T ∗i+1TiT ∗i
= Ti−1T ∗i−1TiTi+1T ∗i+1TiT ∗i
= Ti−1T ∗i−1TiT ∗i Ti+1T ∗i+1 · T ∗i ,
which is proved.
Other cases are similarly proved. ✷
So we call H˜ell the central extension of the elliptic Hecke algebraHell. Now we
construct a representation of H˜ell of type A(1,1)l (l = 1,2) according to the work
of D. Kazhdan and G. Lusztig [9].
346 T. Takebayashi / Journal of Algebra 253 (2002) 314–349
Proposition 5.3. We set t := t1/2α0 = t1/2α1 = t1/2α2 ; then the following action gives a
representation of H˜ell of type A(1,1)l (l = 1,2) on the elliptic diagram:





t−1/3+ t1/3)α, Tα(β∗)= tβ∗ + (t−1/3+ t−1)α,
T ∗α (α)= tα −
(
t−1/3 + t−1)α∗, T ∗α (α∗)=−t−1α∗,
T ∗α (β)= tβ+
(
t1/3+ t)α∗, T ∗α (β∗)= tβ∗ + (t−1/3+ t1/3)α∗;
l = 2: Tα(α)=−t−1α, Tα(α∗)= tα∗ − (1+ t)α,
Tα(β)= tβ + α (α = β), Tα(β∗)= tβ∗ + t−1α (α = β),
T ∗α (α)= tα −
(
1+ t−1)α∗, T ∗α (α∗)=−t−1α∗,
T ∗α (β)= tβ + tα∗ (α = β), T ∗α (β∗)= tβ∗ + α∗ (α = β).
Proof. It is proved by direct calculations of the relations (3.0) and (2.I) under the
condition α∗ − α = β∗ − β. ✷
6. Elliptic Artin groups and elliptic Hecke algebras
Now we go back to the elliptic diagrams, not completed. We describe the
the elliptic Artin groups and the elliptic Hecke algebras in terms of the elliptic
diagrams.
Proposition 6.1. The elliptic Artin groups are described by the set of generators
































⇒ (aa∗b)2 = (baa∗)2, baa∗ba = a∗baa∗b,














bb∗cabb∗a = abb∗acbb∗ (t = 1,2,3). (6.I)
Proof. First, we show that by setting


























for each t .
In all cases of t , from the relations aa∗bb∗ = bb∗aa∗ and (∗), we get the
relation aa∗baa∗b = baa∗baa∗. Further, in the case of t = 2, from the relations
aa∗bb∗ = a∗bb∗a, aa∗baa∗b= baa∗baa∗ and (∗), we get baa∗ba∗ = a∗baa∗b,
and in the case of t = 3, from the relations aa∗bb∗a = a∗aa∗bb∗, aa∗baa∗b =
baa∗baa∗, and (∗), we get baa∗ba = a∗baa∗b.

























and (∗), for each t . In all cases of t , the relation aa∗bb∗ = bb∗aa∗ can be obtained
from the relations aa∗baa∗b = baa∗baa∗ and (∗). Further we show that the
following relations hold.
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Case t = 1. bb∗a = a∗bb∗.
l.h.s. = baa∗ba∗−1 (by (∗))
= a−1baa∗b (by aba = bab, a∗ba∗ = ba∗b)
= a∗baa∗ba∗−1a−1 (by aa∗baa∗b= baa∗baa∗)
= a∗bb∗ = r.h.s. (by (∗)).
Case t = 2. aa∗bb∗ = a∗bb∗a.
l.h.s. = bb∗aa∗ (by aa∗bb∗ = bb∗aa∗)
= baa∗b (by (∗))
= a∗baa∗ba∗−1 (by baa∗ba∗ = a∗baa∗b)
= a∗bb∗a = r.h.s. (by (∗)).
Case t = 3. aa∗bb∗a = a∗aa∗bb∗.
l.h.s. = aa∗baa∗ba∗−1 (by (∗))
= baa∗ba (by aa∗baa∗b= baa∗baa∗)
= a∗baa∗b (by baa∗ba = a∗baa∗b)
= a∗bb∗aa∗ (by (∗))
= a∗aa∗bb∗ = r.h.s. (by aa∗bb∗ = bb∗aa∗).







































and conversely, when we set
c∗ := bb∗cb∗−1b−1a, (∗)
c∗a = bb∗cb∗−1b−1a
= c−1b∗−1b−1cbb∗ca (by bb∗cbb∗c= cbb∗cbb∗)
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= abb∗cb∗−1b−1a−1ca (by bb∗acbb∗c= cbb∗cabb∗)
= ac∗ (by (∗));
so we have c∗a = ac∗, and this copmletes the proof. ✷
In the same procedures to the above, we obtain the following proposition.
Proposition 6.2. The elliptic Hecke algebras are described by the set of
generators Tα for α ∈ {all vertices in the elliptic diagram} and the relations (3.0),
(2.I), (6.I), and (5.II).
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